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Psychophysics, 
qu’est-ce que c’est ?

A body of techniques and analytic methods to study the 
relation between physical stimuli and the organism’s 
(classification) behavior to infer internal states of the 
organism or their organization.

Gustav Fechner (1801 - 1887)

1 INTRODUCTION

1 Introduction

1.1 La Psychophysique : définition

La psychophysique est une branche de la psychologie expérimentale qui s’intéresse à

la perception d’un stimulus. Elle tente de trouver un lien quantitatif entre un stimulus

physique et la perception que l’on en a, en exploitant les réponses comportementale, ou

les réponses de classification de l’observateur (voir Fig 1). C’est une modélisation de la

réponse interne en fonction du stimulus. G. Fechner fut l’instigateur de cette science en

1860[3][4]. Il formula la loi de Weber-Fechner selon laquelle ”la sensation varie comme le

logarithme de l’excitation”.

Fig. 1: Les éléments d’une expérience psychophysique

1.2 La théorie de la detection du signal (TDS) : (1960)

La théorie de la détection du signal est une approche moderne de la psychophysique,

qui s’interesse à l’étude de la perception du signal en présence de bruit[5]. Il s’agit d’une

remise en cause de la méthode traditionnelle qui était dans l’incapacité de distinguer les

biais de réponse et la sensibilité réelle du sujet. La théorie de la détection trouve des

applications dans beaucoup de domaines comme le diagnostic, le contrôle de qualité, les

télécommunications et la psychologie. Elle est aussi utilisé dans la gestion d’alarme, où il

est important de séparer des événements importants du bruit de fond.[6]

Dans la situation la plus simple, on présente à un observateur une série de pré-

sence/absence de signals. On lui demande à chaque fois de donner une réponse sur la

présence ou non du signal (OUI/NON). La décision de l’observateur est variable. Elle

dépend de sa perception interne, mais aussi de son critère de choix. Il peut être stict
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Classical Psychophysical Paradigm

Event

φi ∈ {φ1, · · · , φn}

Observer

ε ∼ i.i.d.

ψj ∈ {ψ1, · · · ,ψm}
+ ε

Pr(Rij) = f ({φi};Ψ) , f is a Psychometric Function
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Paired Comparisons

a b

Find numbers,                        such that when 

  b is judged of higher contrast than a,                     .

(ψa, ψb),
ψb > ψa

Decision variable:

∆ = ψb − ψa + ε, ε ∼ N (0,σ2)

(ψ1,ψ2, . . . ,ψn)

Only yields an ordinal scale!
Any monotonic transformation of the above scale is equally valid!

Equal-variance, Gaussian Signal Detection Model

Series of Suprathreshold contrasts

How to quantify the evolution of suprathreshold perception 
along a physical dimension (like contrast)?

How do different perceptual dimensions combine?

0.05          0.07            0.10          0.13            0.19             0.26        0.36         0.50           0.70

Two Questions to be considered in this talk

1) Difference Scaling:  MLDS
           (Maloney & Yang (2003). J Vision)

2) Conjoint Measurement:   MLCM
           (Luce & Tukey (1964) J Math Psych; 
            Ho,  Landy & Maloney (2008) Psych Science)

Both methods based on ordering intervals 
between stimuli and not on ordering stimuli, 
per se.

Ordering intervals leads to scales with 
interval properties, i.e, equal scale differences
correspond to equal perceptual differences.

Methods that yield an interval scale

Knoblauch & Maloney, J. Stat. Soft.,  25,  1 - 26.

Difference Scaling:  Correlation in scatterplots
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Difference Scaling:  Triads

a

b

c

Between which pair, (a, b) or (b, c), is the contrast difference greatest?

Conjoint Measurement

Ho,  Landy & Maloney (2008) Psych Science 

Conjoint Measurement! is a psychophysical procedure

used to estimate the interaction of perceptual scales 

for stimuli distributed along            physical continua.n ≥ 2

!Luce & Tukey (1964) J Math Psych

TIME

Fixation

200ms

Surface 1

400ms

ISI (blank screen)

200ms

Surface 2

400ms

Response

!"#$!%&'()&'*+,

From a set of p stimuli varying along 2 dimensions,
   a random pair,              , is chosen  and presented
   to the observer as in this example.

                                

                                         Which is bumpier (glossier)?

(Iij , Ikl) The aim of the Maximum Likelihood Difference Scaling (MLDS)

procedure is to estimate scale values,

that best capture the observer’s judgments of the 

perceptual difference between the stimuli in each pair.

Maximum Likelihood Difference Scaling:  MLDS

The decision model

where      are estimated scale values, 
and     a  scale factor.   

ψi

σ

Given a quadruple,
from a single trial, we assume that the observer
chooses the upper pair to be further apart
when

q = (a, b ; c, d),

ε ∼ N (0,σ2)

∆(a, b ; c, d) = (ψd − ψc)− (ψb − ψa) + ε > 0



B1 = ψb(b1) + χg(g1)
B2 = ψb(b2) + χg(g2)
∆ = B1 −B2 + ε > 0⇔ “First”

ε ∼ N (0,σ2)

Ho, Landy & Maloney (2008), Psych Science

The decision model

b2 g2b1 g1 Bumpier?

Maximum Likelihood Conjoint Measurement:  MLCM Estimation of Scale Values:  MLDS

gives the first 6 rows of the data.frame for the observations that generated the scale shown
in the lower right of Figure 1.

From these data, the experimenter estimates the perceptual scale values ψ1, ψ2, . . . ,ψp

corresponding to the stimuli, I1, . . . , Ip, as follows. Given a quadruple, (a, b; c, d) from a
single trial, we first assume that the observer judged Ia, Ib to be further apart than Ic, Id

precisely when,
|ψb − ψa| > |ψd − ψc| (1)

that is, the difference scale predicts judgment of perceptual difference.
It is unlikely that human observers would be so reliable in judgment as to satisfy the

criterion just given, particularly if the perceptual differences |ψb−ψa| and |ψd−ψc| are close.
Maloney and Yang (2003) proposed a stochastic model of difference judgment that allows
the observer to exhibit some stochastic variation in judgment. Let Lab = |ψb − ψa| denote
the unsigned length of the interval Ia, Ib . The proposed decision model is an equal-variance
Gaussian signal detection model (Green and Swets, 1974) where the signal is the difference
in the lengths of the intervals,

δ(a, b; c, d) = Lcd − Lab = |ψd − ψc|− |ψb − ψa| (2)

If δ is positive, the observer should choose the second interval as larger, when it is negative,
the first. When δ is small, negative or positive, relative to the Gaussian standard deviation,
σ, we expect the observer, presented with the same stimuli, to give different, apparently
inconsistent judgments. The decision variable employed by the observer is assumed to be

∆(a, b; c, d) = δ(a, b; c, d) + ε = Lcd − Lab + ε (3)

where ε ∼ N (0, 1): given the quadruple, (a, b; c, d) the observer selects the pair Ic, Id precisely
when,

∆(a, b; c, d) > 0. (4)

2.1 Direct maximization of the likelihood

In each experimental condition the observer completes n trials, each based on a quadruple
qk =

(
ak, bk; ck, dk

)
, k = 1, n. The observer’s response is coded as Rk = 0 (the difference

of the first pair is judged larger) or Rk = 1 (second pair judged larger). We denote the
outcome “cd judged larger than ab” by cd # ab for convenience. We fit the parameters
Ψ = (ψ1, ψ2, . . . ,ψp) and σ by maximizing the likelihood,

L(Ψ, σ) =
n∏

k=1

Φ

(
δ
(
qk

)

σ

)1−Rk
(

1− Φ

(
δ
(
qk

)

σ

))Rk

, (5)

where Φ(x) denotes the cumulative standard normal distribution and δ
(
qk

)
= δ

(
ak, b,; ck, dk

)

as defined in Equation 3.
At first glance, it would appear that the stochastic difference scaling model just presented

has p+1, free parameters: ψ1, . . . ,ψp together with the standard deviation of the error term,
σ. However, any linear transformation of the ψ1, . . . ,ψp together with a corresponding scaling

4

Maloney and Yang (2003) used a direct method for estimating
the maximum likelihood scale values,

where

δ(qk) = |ψd − ψc|−| ψb − ψa|

Φ

Rk

Ψ =( ψ2, ψ3, . . . , ψp−1)

is the cumulative standard Gaussian (a probit analysis)

is 0/1 if the judgment is lower/upper

ψ1 = 0, ψp = 1 for identifiability,

p − 1leaving           parameters to estimate

Journal of Statistical Software 17

With both methods, each scale value is treated as an independent covariate. Generalized Ad-
ditive Models might provide a useful approach for incorporating the ordering of the physical
scale in the model (Hastie and Tibshirani 1990; Wood 2006). Second, it would be useful to
incorporate random effects that influence the scale when an observer repeats the experiment
or to account for variations between individuals. Examination of the three repetitions in the
data set kk suggest that the estimate of σ or equivalently the maximum scale value would be
a likely candidate to explain such a source of variability.
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Estimation of Scale Values:  MLCM

Ho, Landy & Maloney (2008) used a direct method for estimating
the maximum likelihood scale values,

gives the first 6 rows of the data.frame for the observations that generated the scale shown
in the lower right of Figure 1.

From these data, the experimenter estimates the perceptual scale values ψ1, ψ2, . . . ,ψp

corresponding to the stimuli, I1, . . . , Ip, as follows. Given a quadruple, (a, b; c, d) from a
single trial, we first assume that the observer judged Ia, Ib to be further apart than Ic, Id

precisely when,
|ψb − ψa| > |ψd − ψc| (1)

that is, the difference scale predicts judgment of perceptual difference.
It is unlikely that human observers would be so reliable in judgment as to satisfy the

criterion just given, particularly if the perceptual differences |ψb−ψa| and |ψd−ψc| are close.
Maloney and Yang (2003) proposed a stochastic model of difference judgment that allows
the observer to exhibit some stochastic variation in judgment. Let Lab = |ψb − ψa| denote
the unsigned length of the interval Ia, Ib . The proposed decision model is an equal-variance
Gaussian signal detection model (Green and Swets, 1974) where the signal is the difference
in the lengths of the intervals,

δ(a, b; c, d) = Lcd − Lab = |ψd − ψc|− |ψb − ψa| (2)

If δ is positive, the observer should choose the second interval as larger, when it is negative,
the first. When δ is small, negative or positive, relative to the Gaussian standard deviation,
σ, we expect the observer, presented with the same stimuli, to give different, apparently
inconsistent judgments. The decision variable employed by the observer is assumed to be

∆(a, b; c, d) = δ(a, b; c, d) + ε = Lcd − Lab + ε (3)

where ε ∼ N (0, 1): given the quadruple, (a, b; c, d) the observer selects the pair Ic, Id precisely
when,

∆(a, b; c, d) > 0. (4)

2.1 Direct maximization of the likelihood

In each experimental condition the observer completes n trials, each based on a quadruple
qk =

(
ak, bk; ck, dk

)
, k = 1, n. The observer’s response is coded as Rk = 0 (the difference

of the first pair is judged larger) or Rk = 1 (second pair judged larger). We denote the
outcome “cd judged larger than ab” by cd # ab for convenience. We fit the parameters
Ψ = (ψ1, ψ2, . . . ,ψp) and σ by maximizing the likelihood,

L(Ψ, σ) =
n∏

k=1

Φ

(
δ
(
qk

)

σ

)1−Rk
(

1− Φ

(
δ
(
qk

)

σ

))Rk

, (5)

where Φ(x) denotes the cumulative standard normal distribution and δ
(
qk

)
= δ

(
ak, b,; ck, dk

)

as defined in Equation 3.
At first glance, it would appear that the stochastic difference scaling model just presented

has p+1, free parameters: ψ1, . . . ,ψp together with the standard deviation of the error term,
σ. However, any linear transformation of the ψ1, . . . ,ψp together with a corresponding scaling

4

where

Ψ = (ψ2, · · · ,ψp,χ2, · · · ,χq)

δ(qk) = (ψb1 + χg1)− (ψb2 + χg2)
Φ

Rk

is the cumulative standard Gaussian (a probit analysis)

is 0/1 if the judgment is left/right image

ψ1 = χ1 = 0                and             for identifiability,

leaving                     parameters to estimate

σ = 1

p + q − 2

Estimation of Scale Values:  MLDS

This problem can, also, be conceptualized as a GLM.  

Each level of the stimulus is treated as a covariate in the design matrix,

 taking on values of               , 

depending on the presence of the stimulus in a trial and

its weight in the decision variable.

0 or ± 1

For model identifiability, we drop the first column (fixing            
 and            ),  equal variance, Gaussian, signal detection model.

ψ1 = 0

σ = 1

p! p" p# p$ p% p& p' p( p) p!* p!!

The estimated scale is unique up to linear transformations.

of all possible non-overlapping quadruples a < b < c < d for p stimuli is used, but this
choice is not critical to the method (Maloney and Yang, 2003). By restricting the set of
quadruples in this way, we avoid the possibility that two images in a quadruple would be
identical. If p = 11, as in the example, there are 11C4 = 330 different quadruples. For
p = 11, the observer may judge each of the 330 non-overlapping quadruples in randomized
order, or the experimenter may choose to have the observer judge each of the quadruples m
times, completing 330m trials in total. Of course, the number of trials judged by the observer
affects the accuracy of the estimated difference scale (See Maloney and Yang, 2003). The
time needed to judge all 330 trials in the example is roughly 10-12 minutes.
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Figure 2: (a) An example of a trial stimulus presentation from the difference scaling ex-
periment for estimating correlation differences in the scatterplot experiment. The observer
must judge whether the difference in perceived correlation is greater in the lower or upper
pair of scatterplots. (b) Estimated difference scale for observer KK, from 990 judgments,
distributed over 3 sessions for judging differences of correlation between scatterplots. The
error bars correspond to twice the standard deviation of the bootstrap samples.

At the end of the experiment, the data are represented as an n×5 matrix or data.frame
in which each row corresponds to a trial, four columns give the indices, (a, b, c, d) of the
stimuli from the ordered set of p and one column indicates the response of the observer to
the quadruple as a 0 or 1, indicating choice of the first or second pair. For example,

resp S1 S2 S3 S4
1 0 4 8 2 3
2 1 2 3 6 11
3 1 2 6 7 10
4 0 4 11 1 2
5 0 9 11 7 8
6 0 7 10 1 3

3

















0 1 −1 −1 0 0 0 1 0 0 0

0 1 −1 0 0 −1 0 0 0 0 1

0 1 0 0 0 −1 −1 0 0 1 0

1 −1 0 −1 0 0 0 0 0 0 1

0 0 0 0 0 0 1 −1 −1 0 1

1 0 −1 0 0 0 −1 0 0 1 0

















.  .  . .  .  .



Estimation of Scale Values:   MLCM

The problem can also be conceptualized as a GLM.  

Each level of the stimulus is treated as a covariate in the model matrix,

taking on values of                in the design matrix, 

depending on the presence of the stimulus in a trial and

its weight in the decision variable.

0 or ± 1

For model identifiability, we drop the first two columns along each

dimension, fixing                        and           .   

   Resp G1 G2 B1 B2

1     1  3  4  4  3

2     1  3  5  4  2

3     0  1  1  1  4

4     0  2  3  1  2

5     0  1  4  3  4

6     1  1  5  5  2

p! p" p# p$ p% q! q" q# q$ q%



0 0 1 −1 0 0 0 −1 1 0
0 0 1 0 −1 0 −1 0 1 0
0 0 0 0 0 1 0 0 −1 0
0 1 −1 0 0 1 −1 0 0 0
1 0 0 −1 0 0 0 1 −1 0
1 0 0 0 −1 0 −1 0 0 1





ψ1 = χ1 = 0 σ = 1
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Indifference Curve:  MLDS

but also

(ψx − ψy) = (ψu − ψv)

(ψx − ψu) = (ψy − ψv)



B1 = B2

ψb(b1) + χg(g1) = ψb(b2) + χg(g2)

ψb(b1)− ψb(b2) = χg(g2)− χg(g1)

Indifference Curves:  MLCM

∆1 = ∆2 ≈ ∆′
2
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The MLDS package

The MLDS package provides a modeling function, 
mlds(), that is essentially a wrapper for either glm()
or optim(), and will enable estimation of the 
perceptual scale values, given a data frame with
the previously described structure.

mlds(data, stimulus, method = "glm", lnk = "probit", 

                opt.meth = "BFGS", opt.init = NULL, 

                control = glm.control(maxit = 50000, epsilon = 1e-14),

                ... )

It outputs an S3 object of class ‘mlds’ which can be
examined further using several method functions:  

summary, plot, predict, fitted, logLik, boot, coef, 
vcov

The data sets have class ‘mlds.df’ that inherits from ‘data.frame’.
It differs in including two attributes, “stimulus” and “invord”.

> str(kk1)
Classes 'mlds.df' and 'data.frame':# 330 obs. of  5 variables:
 $ resp: int  1 0 0 0 1 1 1 1 0 1 ...
 $ S1  : int  2 6 7 6 6 6 1 3 2 3 ...
 $ S2  : int  4 9 9 7 7 9 2 5 5 4 ...
 $ S3  : int  6 1 2 2 1 1 8 10 7 5 ...
 $ S4  : int  8 4 3 5 3 5 9 11 8 10 ...
 - attr(*, "invord")= logi  FALSE  TRUE  TRUE  TRUE  TRUE  
TRUE ...
 - attr(*, "stimulus")= num  0.0 0.1 0.2 0.3 0.4 ...

stimulus is a numeric vector of the physical stimulus levels

invord is a logical vector indicating whether on each trial 
the higher scale values were on the botton or top.

The MLDS package The MLCM package

The MLCM package provides a modeling function, 
mlcm(), that is essentially a wrapper for glm()  and 
will enable estimation of the perceptual scale values, 
given a data frame with the appropriate structure.

mlcm(x,

! model = "add", 

    whichdim = NULL,

! lnk = "probit", 

! control = glm.control(maxit = 50000, epsilon = 1e-14), 

    ...)

It outputs an S3 object of class ‘mlcm’ which can be
examined further using several method functions:  

summary, anova, plot, logLik, coef, vcov

Default model is “additive”, but 2 others may be specified:  
  “independent” (must specify whichdim) and “full”.



The data sets have class ‘mlcm.df ’ that inherits from 
‘data.frame’.

> str(BumpyGlossy)
Classes ‘mlcm.df’ and 'data.frame':# 975 obs. of  5 variables:
 $ Resp: Factor w/ 2 levels "0","1": 2 2 2 1 1 2 1 2 2 2 ...
 $ G1  : num  3 2 3 1 2 1 1 1 2 2 ...
 $ G2  : num  4 2 5 1 3 1 4 5 2 3 ...
 $ B1  : num  4 3 4 1 1 3 3 5 3 3 ...
 $ B2  : num  3 3 2 4 2 3 4 2 3 2 ...

The MLCM package
> (  bg.add <- mlcm(BumpyGlossy) )

Maximum Likelihood Conjoint Measurement

Model:#  Additive
Perceptual Scale:
        G       B    
Lev1 0.000  0.000
Lev2 0.132  1.693
Lev3 0.185  2.947
Lev4 0.504  4.281
Lev5 0.630  5.275

> ( bg.ind <- mlcm(BumpyGlossy, model = "ind", whichdim = 2) )

Maximum Likelihood Conjoint Measurement

Model:#  Independence
Perceptual Scale:
      [,1]
B1  0.00
B2  1.66
B3  2.88
B4  4.16
B5  5.11

Additive Model Independent Model

> anova(bg.ind, bg.add, test = "Chisq")
Analysis of Deviance Table

Model 1: resp ~ B2 + B3 + B4 + B5 - 1
Model 2: resp ~ (G2 + G3 + G4 + G5 + B2 + B3 + B4 + B5) - 1
  Resid. Df Resid. Dev Df Deviance P(>|Chi|)    
1       971     500.12                          
2       967     476.48  4   23.635 9.452e-05 ***

We can also test a “full” model with 24 parameters!

> bg.full <- mlcm(BumpyGlossy, model = "full")

Model:#  Full
Perceptual Scale:
   B1   B2   B3   B4   B5  
G1 0.00 2.93 4.30 5.58 6.33
G2 1.20 2.95 4.07 5.55 6.73
G3 1.12 3.12 4.45 5.50 6.52
G4 1.96 3.45 4.33 5.93 6.88
G5 1.73 3.21 4.82 6.08 7.25

> anova(bg.add, bg.full, test = "Chisq")
Analysis of Deviance Table

Model 1: resp ~ (G2 + G3 + G4 + G5 + B2 + B3 + B4 + B5) - 1
Model 2: resp ~ (`G2:B1` + `G3:B1` + `G4:B1` + `G5:B1` + `G1:B2` + `G2:B2` + 
    `G3:B2` + `G4:B2` + `G5:B2` + `G1:B3` + `G2:B3` + `G3:B3` + 
    `G4:B3` + `G5:B3` + `G1:B4` + `G2:B4` + `G3:B4` + `G4:B4` + 
    `G5:B4` + `G1:B5` + `G2:B5` + `G3:B5` + `G4:B5` + `G5:B5`) - 
    1
  Resid. Df Resid. Dev Df Deviance P(>|Chi|)
1       967     476.48                      
2       951     461.53 16   14.947    0.5285

plot(bg.add, type = "b", col = c("red", "blue"), lwd = 3, cex = 1.5)
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Mixed-effects models with MLDS (MLCM)

Three Strategies

1.  Re-parameterize in terms of parametric 
    decision variable

2.  Normalize to common scale 
   
3.  Regression on estimated coefficients
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Mixed-effects models with MLDS (MLCM):
Re-parameterize in terms of decision variable

Φ−1(E[Y ]) = (β + bi)DV ,
b ∼ N (0,σ2)

re-parameterized as empirical
decision variable:

then, fit GLMM

DV = ρ2d − ρ2c − ρ2b + ρ2a

∆ = ψd − ψc − ψb + ψa

  resp S1 S2 S3 S4 Run    dv

1    1  2  4  6  8 kk1  0.16

2    0  6  9  1  4 kk1 -0.30

3    0  7  9  2  3 kk1 -0.25

4    0  6  7  2  5 kk1  0.04

5    1  6  7  1  3 kk1 -0.07

6    1  6  9  1  5 kk1 -0.23

...

kk.glmm <- glmer(resp ~ dv + (dv + 0 | Run) - 1, 

data = kk123, family = binomial("probit"))

summary(kk.glmm)

Generalized linear mixed model fit by the Laplace approximation 

Formula: resp ~ dv + (dv + 0 | Run) - 1 

   Data: kk123 

   AIC   BIC logLik deviance

 650.8 660.6 -323.4    646.8

Random effects:

 Groups Name Variance Std.Dev.

 Run    dv   2.2752   1.5084  

Number of obs: 990, groups: Run, 3

Fixed effects:

   Estimate Std. Error z value Pr(>|z|)    

dv    6.604      0.962   6.865 6.65e-12 ***
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glmm pred.

> coef(kk.glmm)
$Run
            dv
kk1      5.433941
kk2      8.459360
kk3      5.761285

Mixed-effects models with MLDS (MLCM):
Re-parameterize in terms of decision variable



Experiment of Fleming, Jäkel and Maloney.
Perception of transparency as a function of
  rendered index of refraction

Mixed-effects models with MLDS (MLCM):
Normalize to common scale

No simple functional description of relation because of kink in curve

Use each individual’s scale value to compute decision variables and 
  fit GLMM to these value; normalizes out individual shape differences.
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DVo = ψ̂d,o − ψ̂c,o − ψ̂b,o + ψ̂a,o

Mixed-effects models with MLDS (MLCM):
Normalize to common scale

Index of Refraction
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Mixed-effects models with MLDS (MLCM):
Regression on estimated coefficients

For this approach we use lmer and fit the coefficients as a function of the stimulus level
   using MLDS directly.
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ψ̂(S) ∼ (β1 + b1)S + (β2 + b2)S
2 + · · ·+ ε

By taking the log of the coefficients, we transform the multiplicative effect to additive.
We use polynomials to fit the fixed effect but also to model random differences in the
  shapes of the function across observers

log(ψ̂(S)) ∼ (β0 + b0) + (β1 + b1)S + (β2 + b2)S
2 + · · ·+ ε

Mixed-effects models with MLDS (MLCM):
Regression on estimated coefficients

First, test random effects:  

log(ψ̂(S)) ∼ (β0 + b0) + (β1 + b1)S + (β2 + b2)S
2 + · · ·+ ε



Mixed-effects models with MLDS (MLCM):
Regression on estimated coefficients

Then, test fixed effects:  

Mixed-effects models with MLDS (MLCM):
Regression on estimated coefficients
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Linear Scale Log Scale

- Difference Scaling and Conjoint Measurement are
     psychophysical techniques that permit estimation
     of interval perceptual scales by maximum likelihood

- The two approaches are implemented in R packages
     MLDS and MLCM, respectively, on CRAN.

-  We can introduce mixed-effects into the MLDS
      and MLCM (not shown) models using the 
      lme4 package (and perhaps others).   

Thank you.


