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A The set of assumptions

Since f; ¢(a) and 7; ¢(«) change with sample size, the DGP of the structural grav-
ity model forms a triangular array with index C. Whenever it is clear from the
context, we suppress the dependence of m;;(a, ¢c(), W) on W and write m;;(«).
Further, we abbreviate p;;(U) = P(v;; = 1|U), p;;(a) = E [m;;(a)Yw|U], where U
collects all variables (including W) that determine whether a trade flow is missing
or observed. Note these variables are assumed to be stochastic.

Part I: Consistency

(1) Exogenous selection of missings: P(v; = 1|s;5.0,U) = P(vy = 1|U) > 0 for
alU el, U c RE*E W and U are always observed and U includes W.

(2) The econometric model:

(a) The parameter space of o, © C R¥ is compact. g is an interior point

of ©.

(b) The system of multilateral resistances holds under the true model:
D'm(ag) —0c = 0, where ¢ is given, non-stochastic and of order O (C'~1).

(¢) ca/C?* < myj(a) < (1 —c¢,)/C? for some positive constant ¢, < 0.5 w.p.
1.

(d) Y = 0,(C?) and independent of ¢;; and v;; for all ¢ and j so that
aw < mij(a)Yw < (c,w) for some positive constants ¢, and ¢, w,
w.p. L.

(e) C?ey, ij = 1,...,C is independently distributed as (0,07;) with 0 < ¢
< afj < @ < oo and bounded support so that m;;(ag) + &;; > 0 w.p.
1. One may also write, £;; = myj(ag)(n;; — 1) with 7;; independently

- 2 2 2 —2
distributed as (1,07 ;) and o < 0, ;; < T,



(f) Normalization: feec = 0.

(3) Explanatory variables: Z € Z C R *K possesses full column rank K, its
elements are uniformly bounded by some constant c,, i.e., |z, < ¢, w.p. L.
All elements of Z vary at the bilateral level.

Part II: Limit distribution of &

(1) Let g;jc(a) = Yw (my;(ao) + &) In (my; (@)Y ) — mij(o)Yw. gijo() is twice
continuously differentiable at every interior point o € © for each ¢;; and z;;.

(2) Assumption on moments:

(a) Let sqa(a) = ZQupVe, E |||sa(e)|*T \U] = o(1) (Billingsley, 1995,
Theorem 27.3).

(b) Be(a) = Z'VM(a)2Qy/2p(a)M(a)2Z, By = lime_,e Bolag), By is
non-singular.

(¢) The limits T§ = lime_00 SM (g, Z) "M (ag, Z)[Ico—D (D' M (0o, Z¢)D) ™"
«D'M (0, Z°)]Z¢ and Yo = lime_yo0 S[Ice—D (D' M (ag, Z)D) ™' D' M (e, Z)]
7 exist, are non-zero and have rank s, where s is the rank of the s x C?
selection matrix and s < K.

B The implicit solution to the system of multi-
lateral resistances

Let o be element of A, an open subset of ©. The parameters {f; c(a), vjc(a)}
are elements of an open set F C R2*“~land are derived by solving the non-
stochastic system of the multilateral resistance equations with solutions ¢¢(a) =
[Bo(@), ve(a)]). The system can be written as

re(a, dc(a)) = D'm(e, dc(a)) — ¢ =0,
where ro(a, ¢c(a)) is at least twice continuously differentiable on A x F. The

derivative is
aTC(CV,BC,’YC) — |: Xc TC(a) :|
(B, ve) To(e)  ©c |’
where x. = diag(k1c, ..., ko—1,0), Oc = diag(b1.c,....,0cc) and Te(a) is a (C —
1 x C) matrix with typical element m;;(«), i = 1,...,C —1 and j = 1,...,C. To




guarantee the existence of a unique solution (Sydsaeter et al., 2005, p. 102) it has
Irc.ij(Be,ve)

to hold that
Irc(Be ’Yc)) ‘

det (—’ > ¢, > 0 and sup < ¢
‘ 9(Bese) is 9pic)
for some positive constants ¢, and c;. With respect to latter observe that 0 < & <
et e tBicle)trcla) < 1= 75 < 1. The former holds as % is a strictly dlago—
nally dominant matrix Wlth real positive diagonal entries and it is thus positive def-
inite. Hence, one can conclude that for finite C' in its normalized form the system
of multilateral resistances possesses a unique solution ¢c(a) = [Bo(a),ve(a)],
which is twice continuously differentiable in « at every interior point of A C ©.

8TC,ij (507 ’YC)
3%’,0

C The consistency and asymptotic normality of
the constrained PPML estimator

C.1 Consistency a

(a) Defining p;;(a) = E [myj(er, oo (a))Yw|U] the non-stochastic counterpart to
the likelihood is given as:

Qoc(@lU) = g Y > pi(U) [(c0) In (i(@) = pij(a)]

7j=1 =1

The constraint disappears, because D'm(a) — e =0 of all Z € Z and o C ©.
(b) Likelihood under true DGP:

c
Qc(alU) = 22> ) wij[(majlao) + £45)Yiv In (mi () Yiv) — mij (@) Viv]

j=1 i=1

(c) Identification follows from an argument put forward by Wooldridge (1997, p.

358). For scalars py and g, the function f(u) = poln(p) — p is maximized at
2

U= o as %}7) =2 —1and dd’;# = —% < 0. Using gjc(a) = (mi(ao) +

5z'j)YW In (mij (Oé)YW) — mij(Oé)Yw, it holds that

Egijo(a)|U] = pij(ao) In pij(a) — pij(a)



and E [g;jc(ao)|U] > E|gijc(a)|U] for a # ap. Qoc(a|U) is maximized at ay,
since

c C
QO,C(aO) = CL ZZ UZJQZJ C(a0>SCaW)]
=1 i=1

|
=

Vz]qUC Qo, So, )|U]

' QY

[
&S|
Q=
H MQ I MQ I MQ

> F Lg %]C’a Sc, )|U]

C
Z
L
Z E [gij.c(c0, sc, W)U
e
Z

since Elv;;|s¢, W,U| = E|v;;|U] = p;;(U) under Assumption Part 1.1 and

Evijqijole, se, W)Ul = E[Evijqijcle, sc, W)|sc, W] U]
= E[E[vj|sc, W, Ulgijc(a, sc, W)||U]
= Epy(U)gijc(a, sc, W)|U]
= pi(U)E [gic(a,sc, W)|U].

(see Wooldridge 2002, p.132). Taking expectations over all U € U shows that ag
is a unique maximizer of @y ¢ (a).

Note ¢, < myj(a)Yw < c,w w.p. 1 for some constants ¢,y and ¢, w, @ € © and
Z € Z by Assumption Part [.2. Consider a summand in Q¢(a, |U). W.p. 1 we
have

Gijo(alU) = v [(mij(ao) + i) Yw In (my; (o) Y ) — my;(a) Y]

< mij(ao))Yw| [In (mi;(e) Y )| + [mi; () Yiv|
+ less| [Yw | [In (m;(a)) Y )|
< cuw [In(euw) + cuw + 2EC? ey In(cuw )|

1
so that E[sup,ce gi.0(a|U)] < 00, since E [|e;;|] < E [|e5°]* < & by Lyaponov’s
inequality and Assumption Part 1.2. Thereby, ©' is a closed ball around «yq in the
interior of ©. From the ULLN of Pétscher and Prucha (2003), Theorem 23, it
follows sup,ce |Qc(®) —Qoc(a)| = 0,(1) and thus the consistency of a. Consis-
tency of @ under the unrestricted model with dummies follows, since it also has
Qo.c(a) as non-stochastic counterpart and the same arguments as above apply.
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D Asymptotic Normality of o

The proof uses Qurayp = Ioz — M (@)D (D'M()D) ™' D', Z'(a)) = Z'Qrs(ayp and

the expansion
0 = Z'QupV(sc —m(@))

= Z'QupVe — (=2 QsppV [C*MoQly,nZ (@ — an) + 0p(]|& — al])]
= Z'QupVe = Z'QsppV MoQly,pZ (@ — o) + 0,(C7Y),

=2'Q VH = O,(1) (see below
M D

and Davidson and Mackinnon, 1993, p. 157).! Defining Bo(Q) = Z'Qy7pV MoQYy, pZ

which is shown to uniformly converge to By = plimg_oo (Z/QMODVMOQMODZ’U)v

and
1 Z Z 1 Z Z 2~
=0z Sa z] =0z C Zzg Uljgljv

i=1 j=1 i=1 j=1
NS g
~-

Ac(a)e

This results follows, because @ is consistent and ’

where s, () = C*Z;(a)v;je;; and Z;(«) is a typical column of Z'(a), we have

C(& — OZ()) = —BO_IC_IAc(&>€ + 0p(1).

Claims:

(i) Esup,eer [[Sa,isi(@)]| < oo

(i) Esupgcer [|Sa.ij(@)sai(a)|| < oo

(iii) || Be(a) = Bol| = 0,(1).

(iv) C(a — ap) 5 N (0, By ' Ap. Ay By )

with AgQ. Ay = plime_o éAc(ao)ee’Ac(ozo)’ and By = plimg_,0o Bo(ao).

ad (i) Consider

Quiwp = (Io2=M(a)D(D'M(a)D)"' D)

— M(a)Y? (102 ~ M(a)Y2D (D'M(a)D) ™! D’M(a)1/2>M(a)‘1/2

QM(Q)1/2D

!'This normalization guarantees that the elements of C*MQ), pZ are O,(1) and the deriva-
tive of m(a) is bounded away from zero in the limit.



and

sal@) = Z'M"2(0)Qps(apr2pM ™ (a)Ve.

Since Q M(a)1/2p 18 & symmetric and idempodent projection matrix it follows that

H@M(a)l/mv ‘ < ||lv|| for any vector v. Therefore, we have w.p. 1
, K o c
HQM(Q 12pM /2 ZH |M1/2 )ZH < Zzzmw( ”k < K(?1=ta Cac
k=1 i—1 j—1
and
c c 2 N ,
Isal@)® = %ZZSW’J = HZ/Ml/z(Oé)QM(a)wDM_l/Z(a)VeH
i—1 j—1

|1Z220*(a HQIIM‘”Q I velr?

K(1 = ca)c ZZ lesl1*

i=1 j=1

IA

IA

o2 —
By Assumption Part 1.3 £ [HginQ} =F [CZ{] < g—i and it follows that

E sup ||Sa.i ()| < Kci%EZ < 00.
ac®’

(ii) Furthermore observe, that

N

[Sa,ij (@) saif (@) = (7 (50,ij (@) Sa,ij (@) Sa,ij () 5aj()))
= tr (Sa,ij(a) Sa,ij (Oé)Sa ij (04) Sa,ij (a))?
= 7 (50,ij () 5045(a))

2
= |Isai(a)ll

so that
E sup [||s5a,i(@)Sq,ij(@)'[|] < oo

a€e®’



Hence, Lemma 3.2 of Pétscher and Prucha (1997) implies that

c C
P

sup Cc- QZZ Sazy SO&Z]( )])H —0
a€c®’ i=1 j=1

c C

P

Sug - 22 Sa z] Sa z] ), - E[Sa,ij(a)8a7ij(a),]> — 0.
acO’ =1 le

so that Z'Qg;pVdiag(E8")Q- ) Z — AoQ-Af = 0p(1).
(iii) Next consider

Be(@) = Z'QupVMoQynZ = Z' (Qsip — Quion) V- MoQhyypZ + Z'QuigpV MoQ'y, p Z
= Z'My"" My " (Qi7p — Quiyp) MoV Qi nZ + Z'QuigpV MoQ'ys pZ

1Be(@ = Betanl < |26 457 (Qszp = Quan) M5 [ V2452

-~ -~

0,(1) op(1) 0,(1)
since
=t (M@ — Qhaop) Mo Qs — Q) My
= tr ((QIM\D - QMOD) 0 (QM\D - QMOD)MO)

2
M52 (@i — Quanp) My

and
a)
Qv My Qup = (102 —D(D'MyD)”" D’M0> Mt (102 — MyD (D'MyD)™" D’)

= My;'—D(D'MyD)™' D' — D(D'MyD)™' D'
+D (D' MoD) ™" D'M (o) D (D' MyD) ™" D
= M;'—D(D'MyD)' D’

Qoo My ' Quiep Mo = Qi



e~ _1 —_~
Qe My Quyp = (102 ~ D (D'MD) D’M) Mg (Ie2 = MoD (D'MoD) ™' ')
e~ 71 —_
= My =D (DMD) DM~ D (D'MoD) " Df
o~ -1 —
4D <D’MD) D'MD (D'MyD) ™" D'
e~ 71 —_~
= M;'-D(D'MD)  D'MM;!
%\ZDMJlQMoDMO - Q/JTZD
Q//]\ZDM()_IQ]/\/[\DMO - QI/J\ZD

tr ((Q,ﬁp — Qhvyp) My Q7 — Quiyp) Mo)
- tr(Q’MoD_QQ’A?D—FQIM\D) =K-K=0

2

K C
1/2 1/2 —1/2 5 71/2
HVMO/ Q,M(’DZH - VMO/ QoM /MO/ Z, :ZZ i [
g k=1 i=1 j=1
K C o -
< SN = 1Fl = | @unZ| < 2] = 0r)
k=1 i=1 j=1

Therefore, we have that

[Bela) = Be(ag)| < b(a) w. p. T and sup [[Bo(@) — Boll = op(1)
ac®o’

which proves continuity of Bo(«). The elements of Z are bounded away from zero

and from above. Q1/2()p(@) projects M (a)2Z onto the orthogonal complement

of the hyperplane spanned by D'M («, Z )% (in the exporter and importer dimen-

sion), while Z exhibits bilateral variation. Further, the rank of Bo(«) is K and it
follows by Theorem 14 of Pétscher and Prucha (2003) that Be(a) — By = 0,(1).

ad (ii) The Lyapunov central limit theorem for triangular arrays (Billingsley, 1995,



Theorem 27.3) and the Cramer-Wold device can be applied to derive
C(& — ag) 5 N(0, By ApQ AL By ).
For estimation one uses

Be(a) * By, %Ac(a)ﬁez‘lc(a) 5 AQ- A,

E The comparison of the unconstrained and the
constrained PPML estimator of «

In order to derive the limit distribution of the unconstrained PPML estimator, we
define G** = W'VM*™*VW with M** = M(a**, ¢FF), where 9™ = (o, ¢FF) lies
elementwise between 9 and 9. Applying the mean-value theorem to the score of
the unconstrained likelihood yields

E—OZQ

b (@) — de ()

Using the formula for the partitioned inverse one obtains

0=W1Ve-3G"

a—ay=G*"NZ - GGy D) Ve,

with G = (Z'QuevpVZ)™", G5 = ZZVM*D and G = D'VM*D. The
comparison of unconstrained PPML and constrained PPML is straight forward
under fully observed trade flows with V' = Is2. Applying the mean-value theorem
to

W'V (sc —m(Jc)) — F'A = 0
D'm(@c) - QC =

with F' = D'MW, ¥¢, lying elementwise between 50 and J¢ and assuming that
the constraint holds at true parameters obtains (see Newey and McFadden, 1994,

p. 2219) yields
0] | WVe n G* F¥
0] 0 F* 0

e — Ve
A—0 '



Applying the formula of the partitioned inverse gives

{9\0 N 19070 B (I _ G*—lF/* (F*G*—lF*/>—1 F*) G*—lw/vg
A—0 (F*H*le*/)_l F*G*71W/V€

It is straight forward to show that
—1
—10n\—1 GH —G11G12G2_21 G21
(FG F) - ([ G Gz } [ —Goy G G G* G

-1
= ([ GG = GnGY, —GnGNGraGy) + G2 ] O
G22

= - (G21G11G12 + G22G22G22)_1

and

B , Gll _G11G12G—1 7!
FG-'W' = ([ Gar Goo } l —G2_21G21G11 (22 22 >

= [ GuG" — GnG", —Go1G" G126y + GG* | l g’ ]
= (—G21G11G12 + Gz2G22G22) G2_21D/-

Therefore, the term (FG™F)"' FG™'W’ reduces to Gg, D'. It follows that

FFGF) T FGTW = | G G
G22
(FG'F) T FG™' = — (GGG + GsGPG) ™
% [ G21G11 — GglGH, (—G21G11G12 -+ G22G22G22) G521 }
= [0 Gy ]
and .
[ Je — ey ] | e wve— G g}? G D'V
N - 22 '
A=0 [0 Gt W'Ve

Since we have
o [ GG ] G —GUGLO T Gl
[ _G*QQGzlGifl G*22 [
| 0 |- ot ]
G2 (G - GuGi G G |~ L et |
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and by applying the mean-value theorem to general equilibrium constraint

a— o Ik

[ o(a) — ¢(ao) } B [ —(D'M*D)"' D'M*Z ] (@ — ao)

we have that

o I _[en ey Ix _[ae™
—(D'M*D)"" DM*Z Gy Gy || =G tGEy 0
and

*
G12

G @C - 190,0) = W'Ve-— [ e

} G35, 'D'Ve
Z/ G* G*—ID/
o — — #11 o 1222
Q (&%) G [IKao] (|: D/ :| |: G;2G§2—1D/ :|> €
= G (Z' — G*{QG;Q_ID’) €.
Thus the constrained and unconstrained PPML estimators of « have the same
limit distribution in case of fully observed trade flows (V = I2).

F The delta method

We consider sequences of fixed values of Z and Z¢ and define the selection matrix
S of rank s < K. SM(a, Z) 'm(a, Z¢) has typical non-zero element

o(#5=211) 6B 0 (@47 0 (@) —Bic (@ =50 @)

Since @ is consistent Taylor series expansion leads to (see Pollard, 2002, p. 184)

(SM(@, Z)'m(@a, Z) — SM(ag, Z) " m(ay, ZC))

= | S M(ag, 2)""M(aq, 2°) (ZC - D%%) (@ — ao)

To(ao,2°)

— 8 M(ay, Z) ' M(ao, 2°) (Z — D9%) (@ — o) [ + 0,(0,(C71))

YTeo(ao,Z)

= CS (Tc(ao, ZC) — Tc(ao, Z)) (a — CY()) + Op (1) ,

11



where

76— D%e = | — D(D'My(Z°)D)" D' My(Z°) 2
= Mo(Z°)"V2Quiy(ze)Mo(2)'*Z

Z-D%e = (I- D(D’MO(Z)D)‘lD’M (2)) z

= Mo(Z)*QuyzyMo(2)*Z
Yolag, Z°) = SMy(Z)~ 1M0(ZC)
*Mo(Z€) 2 Qs 20y Mo(2)V2 Z
Tolag, Z) = SMy(Z) " My(Z°)
*Mo(Z)?Q oty Mo(2)VV? 2,

where My(Z) = M(ag, Z) and Qo0 = Ico—Mo(Z2)V2D (D' Mo(Z)D) ™" D' Mo(Z)V/2.

Claims: .
(i) % (mi; (@, 2i5) " 'my; (@, ;) — maoi(2i;) " 'mo Z](z”)) — C (a — ap) , where

pola) = mog(zig) mog(2)
90/0(04) = mO,ij<Zij)71mO,ij(Zicj) [(Zz’j —mw(a,zw) 1/2]9M(cv ZC)DlJZC)

- (Zz'j —my;(a, Zij)_1/2ﬁM(a,Z)D,z‘jZ>i| 3

where 7 — M(a, Z)Y?Z and PM(a,z)D,ij denotes the ij — th row of ﬁM(mz)D =
M(a, 2)2D (D'M(a, Z)(Z)D) " D' M(a, 2)!"

The elements of ST§ = lime_oo STc(ap, Z¢) and STy = lime_y0o ST (ap, Z)
are finite, non-zero. T and T have rank s.
(ii) plim¢._, ST (@) = T§ and plimg_,  To(@) = Y.

(i) The proof verifies the asymptotically locally relative equity condition of Phillip’s
(2012) Theorem 1, which establishes the extended delta-method to functions that
depend on the sample size, here C'.

First note that the elements T¢(«, Z) and Ty are bounded away from zero, since
Qn(a,z)p Projects Z onto the orthogonal complement of the hyperplane spanned
in the exporter and importer dimension by D'M («, Z), while Z exhibits bilateral
variation.

We concentrate on the case where S picks out a single element.? Let pc(a) =

2The extension multivariate case is straight forward, see Phillips (2012), p. 426f.

12



mij(a, zi) "'mogg (@, 25;). Note @o(a) is twice continuously differentiable in o at
every interior point of © as shown in Section B. Observe that

Hmzj(a,Zz‘j)_l/QﬁM(a,Z)D,UZH < C%O(C_l) = 0(1),

since 0 < Dar(a,2)D,ij,i; < 1 and

HJ"JM(oz,Z)D,ijZH2 = tr(ﬁM(mZ)D,ijZZ,ﬁM(a,Z)D,z’j) = tr(ZZ,HM(a,Z)D,ijﬁM(a,Z)D,ij)
c ¢ cC
= Z Z ZﬁQM(a,Z)D,ij,ijzfj,kmij (v, zij)
k=1 i=1 j=1
< KC*’cle =0(1),

- ~2 -1 1—cq _
since 0 < Pyyazypaji; < 1 Further, my;(a, zi5) " myj (e, 25) < 2%, s0 pp(ao) =

O(1) and 0 < ¢,y < @wplag) < cpy for some constants c,; and c,,. Thus
vo(a) = O(1) and the elements of ST§ = lime_ oo ST (a0, Z¢) and STy =
lime 00 ST (g, Z) are finite and non-zero. To very verify the sufficient condi-
tion of Theorem 1 in Phillips (2012), one has to show that at given § there exists
a sequence 1, — oo such that r,/C — 0 as C'— oo and

vola) = pelao)

—0
<P'c(oéo)

sup
[rn(a—ap)|<8

Note )

vola) = pelao)
ve(ao)

Observing that ¢c(a) is twice continuously differentiable (see Section B) and ap-

plying the mean value theorem, we have

< cpi o) — i (ao)l .

o) = ¢olao)l = et () (a — an)] < K'|(a — aol < ;% 0.

for some constant K with o* indicating a point on between « and «y. It remains
to be shown that |of(a*)| = O(1), where
" . a -1 _1/2~ Z
vola) = gomoa(zy) mois(zi) (25 = mig(a )™ Phaaz) i
= 9o() (Zij —myj(a, Zij>_1/2ﬁM(a,Z)D,ijZ>

a _ _ ~
—soc(a)% (mij(a, Zij) 1/QPM(D«Z)D,UZ)
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It is sufficient to show that % (mij(a, zij)_l/zﬁM(mZ)D,ijZ) is O(1). Consider

0 ZC ZC o (omyla) 2 EE
87 (mij(a)1/2 ﬁM(a,Z)D,mklgkl,v) = Do ( wﬁak E M(a 2)D,ij, klzklv>
v v

k=1 [=1 =1 =1
& OPM(a,2)Dij kil A 0%
+mj(a) Z Z T’j’zm,v +mij(a) 1/ Z ZPM(mZ)D,ij,kla—a’
k=1 =1 v k=1 I=1
Note
0mij(a)

- = mij(a) (Zij,v — Myy (Oé, zzy) 1/2ﬁM(a,ZC)D,iij§> = 0(0_2)O<1)

—1/2
0 mzy / § E pM o,Z)D,ij, klel

k=1 l=1

since

8mij (&)_1/2
day,

= — '1mij(a)—3/2ami_j(@) <

2 O,

(b)

< ki N 1/2 _1 Omy(a)
ZZPM(a LR ZZPM(a,Z)D,ij,mmkz(Oé) 21, () e
k=1 I=1 v k=1 I=1 002 Y
0(C-2)
c C
< Z ZﬁM(a,Z)D,ij,kzmkz(a)l/QZkl,u O(C*HO(C™?) = 0(1)

B
Il

1 1=1

< OPM(0,2)D,ij ki
DX g

k=1 =1

‘mw ~1/2 ZZ 6’pM(a Z)D ij, kl | < O

k=1 l=1

Let A = M()"2D , P = A(AA)7'A’ and 4, aof”) = §M(a) 2D =

%M(a)_l%(j‘)fl, v=1,.., K. since M(«a) and &= aM are diagonal matrices. Zhang
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(2017, p. 561) demonstrates that

P
aa () = (I P)AA + (I — P)A,A"Y
Ay o2xC2
~ OM(a) | = = _,OM () ~
= (I-P)| M P+P| M 1 I—-P
=P [0 | B a1
i, i,
— (I-P)A,P+ PA,(I — P)=2(A,P — PA,P)
~ c c
0P (« - - - - -
5 () = ‘2aij,k:’l’pM(a,Z)D,k’l/,kl| +2 Z Z Uy 1 DM (0, 2) D J'1 KIPM (0, Z) D1 k1
U P K=11r=1|" ~ g
/L]7
~ _ 8ml(a) _ 0mz(oz) 2 _
|@ijil = |mij(a) IT;} < [my (@) Tiv <o) =0()
[gvﬁ} . = QDM (a,2)Dij el = O(1)
o c c
[PAUP} = Z ZﬁM(a,Z)D,ij,k'l@l'k/,k/l/ﬁM(a,Z)D,k'l',kz
R k=11=1
c c N
= O( Z ZﬁM(a,Z)D,ij,k’l’ﬁM(a,Z)D,k”l’,kl (SiIlCG Pis idempotent)
k=1 1=1

= O(1)prm(a,z)p,ij = O(1)

So one can conclude that

c c
_ OPM(a,2)D,i .
‘mij(a) 1/222 Mo Z)Digk 5 Zhlw| < %520(1).

k=1 I=1

Theorem 1 of Phillips (2012), therefore, implies

ey (Mg (8, 25) g (@, 25) — mois (i)~ Mo (25)) 2 C (@ — ag).

(ii): The claim follows from the continuity of SM (@, Z) " 'm(a, Z¢)—SM (ay, Z) 'm(ag, Z¢),
Theorem 14 and Corollary 5 in Pétscher and Prucha (2003). Therefore, Y¢—T§ =
0p(1) and T — Yo = 0,(1).
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G The weighted expected mean squared errors
of counterfactual predictions

The difference between the predictions of constrained PPML and the uncon-
strained PPML is best illustrated when M («a) is evaluated at true values and
using Z = My?Z, D = M)*D and W = M,"*D. Letting Py = X(X'X)"'X’ and
Qx = Ic2 — Px for a matrix X one can easily show that under constrained PPML
predictions are given as (see Davidson and MacKinnon, 1993, p. 157 and p. 163)

C2(Ge—mo) = C*M, (1 D(D'M,D)™" ) (@ — a) + 0,(C~)b
= C*MoQhinZ (Z'QuiepMoQr,pZ) ™ Z'QuionVe + 0,(C~ )b
= C*M*My"*Qy,p M 2
o (MM QMo My M Z)
x  Z'MPMy 1/2QMODM1/2M Y2 4 0,(C™1)b
— CM°QpZ (2Q57) ZQpM; e + 0,0
C? (3c —mo) My * = Py_zMy %2+ 0,(C7)b.

using M, 2 = 0 L,(CH), Qp = Ml/zQMOD 7% and some random vector b,

which is O »(1). Hence, the weighted expected mean squared prediction errors can
be written as

C? (50 —mo) My (Sc —mo) = C2%/Mg'°P, My
+ 20,(CWPy_zMy e+ 0,(Cb
= %My PPy s My e+ 0,(C7),

since ’ = 0,(1)0,(C).

oy, 70y %] < o] |45 %
In contrast, unconstrained PPML uses P~ = W ( w’ W) W Since [ — P~

can be factored as I — Py = (I(p - P > (Icz P~ ) — P5 and

Qf)Z
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PQE)ZPf) = 0, one can write

C*(5c —my) = MW (@—a)+0,(C )b
= CPMYPW (W'W) " W' My e + 0,(C™1)b
C2 (50 —mo) My '? = PyMy e+ 0,(C™2)b
= (Po,7+Pp) My =+ 0,(C2.

To order C'~2 the proportional difference of the weighted expected mean squared
prediction errors between constrained and unconstrained PPML estimation can be
bounded as

E[Ge — mo) My (3¢ — mp)] tr(PsMy ' *Q M, %)

= 1+

E[(5c — mo)'M; (5o — mo)] tr(P, My Q. My %)
D
0.2
—(2C-1)
2 1—}-1_07“ _1_'_70011 2C—-1
g2(K) 72(1—cs) K

using

c C c C
~1/2 12\ _ ~ o2 5202 _
r (PoMy QMG ) = 30 By 2 5 2 2 P

N
&
3

tr (P% 5M51/2QEM(;1/2)

The same approach can be applied to the residuals. Specifically, Pfaffermayr (2019)
demonstrates that the proportionate bias of the estimated variance matrix of &

defined as F [ﬂ

o } for some vector v is of order O(C~1'). Applying the same

approach to the constrained PPMI estimator reveals a proportionate bias of order

O(KY).

H Iterative two-step estimation and the stata
code

To simplify notation the index C' indicating the trlangular array is skipped. Define
M, = diag(m;(a,, ¢T+1)) Zr Ml/ZZ D, = M, 2D and assume gbrﬂ solves the
system of multilateral resistances, D'm(@,, ¢y+1) = 6 (step 1). Consider the linear
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regression
Z, G, + VM (s — m(a,, &H)) = Z,0pi1 + Dyt + Upis.
Applying the formula for the partitioned inverse, the OLS estimator is given by
SOOI | =1 e e N1
- (2.0.2,) ~(2:6.2,) 7D, (D;D;)
|i ?\er :| o 1
= o=l o e =1 ~ o e =1 N\~
i1 _ (D; DT) D7, (Z;QTZT> <D; (I ~ 7 (Z;Zr> Z’) Dr)

Z/

D/

*

(Zar + M2 (5 - m(@))) :

where

~ ~ ~ ~ \ -1 <
O,=1-D, (D;DT> D\ =1 — MY2D(DM,D)"*D' MM,
Collecting terms yields
~ ~ ~\ 1 o ~ ~
81 = (Z;QTZT> 7' <ZT&T L VMY (s - m(m)»
~ o~ ~\—1 o - ~ o~ -1 - ~ ~
- (Z;Q,,Zr> Z'D, (D;DT> D (Z,ﬁr + VM2 <s —m( )))
~ ~ ~\ 1 o
- (z0.2) Z
~ ~ ~ ~ ~\ 1 < ~ ~
* (Z,@T L VMY (s - m(ﬂr)> ~ D, (D;Dr) D (Zrar L VM2 (s - m(m)»)
~ o~ ~\ 1 ~ ~ ~ \ -1 - ~
- <Z;QTZT> Z! (1 - D, (D;Dr> D;) Z,a,
~ o~ ~\ 1 ~ ~ o~ -1 - ~
+ (Z,CQTZT> Z! (I ~ D, <D;D,,> D;) VM <s - m(ﬁ,,))
~ ~ ~\ 1 o < —~
- @+ (Z;QTZT> Z'Q,V M-1/? <s - m(ﬁr)) .

This mimics a Netwon step that solves the moment condition given in (12) in the
text, i.e., Z.Qun,.pV (s - m(@ﬁ) =0 at a1 = a,. Note

ZQ,M7\V? = 7' (MY?*— M,D(DM,D™")D'M}?) M1/
= Z'(I = M,D(DM, D)D"} = Z'Qu,p-
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stata cppml - Printed on 30.10.2019 19:53:49

(OCD\JO‘)U'I-bOOI\H—‘l

cd C:\Projekte\A Gravity _delta\simulation_gmm

*x * * * * *x * * *x * * * * *x * * * * * X * * * * *

clear all
matrix drop _all

clear mata

capture log close
capture set matsize 8000
capture set more off
program drop _all

sca drop _all

* * * * * * * * * * * * * *

A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAAAAAAAAAAAAAAAAAAAAALAAAAAAAA AR AR XA XA LA XX

log using stata_cppml, replace
use stata_cppml_data, clear /* use data from a Monte Carlo run */

AAAAAA A AKX A A A A A AR A AR A A AR A AA AR A A A AKX A AR AA AR A AKX AR AR XA AKX AAAAXAAXAAAXAAXAAAXAAXAIAAAA A AKX AA AKX K

*x * * * * *x * * *x * * * * *x * * * * *x * * * * *

*** Variables

label var ex "exporter"

label var im "importer"

label var y ‘'observed trade flow"
label var yi "gross production share"
label var yj "expediture share"

label var V "missingess indicator"
label var x1 “border dummy 1 if ex ~=iIm
label var x2 "log distance™

label var V "missingness indicator"

AA A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AL A A A AAAA A AL AR AAAAXAAAAAAAAAALAAAAAAAAAAAA A AKX AL XA

AAAAAA A AKX AR A A A AR A AR A A AR A AKX AR A A A AKX A AR A A AR A AKX AR A AKX AKX AAAAXAAAAAXAAXAAAXAAXAIAA AR A AKX AA AKX K

*** Counterfactual ***
gen xl1lc= 0 /* no borders */
label var xlc "counterfactual no border™

AA A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AA A A A A A AA A AL AR AAAAXAAAAAAAAAALAAAAAAAAAAAA A AKX AL XK

*** Globals ***

AAEA A A A A A A A A A A A A A A A A A AAAAAAAAXAAAAAAAAAAXAATAAAXAAAAAXAALAAAAAAIAAAAAAAAAXAIAAXAIAAAAXAAAKXAXK
global K=2

global b=20

global groups=2 /* country groups for counterfactuals */

global sig=5 /*elasticity of substitution*/

global re = "x1 x2"

global recf= "x1c x2"

global dum= *"d1 d2 d3 d4 d5 d6' /* Dummies for breakdown of trade flows*/
global row_dmpcf="dom-small dom-large small-small large-large small-large
large-small™

global row_dw="dom-small dom-large"

* * * * * * * * * * * * *

A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAA A AL AAAAAAAAAAAAAAAALAAAAAAAA AR AR A AKX A LXK

*** Unconstrained PPML ***
AEA A A A A A A A A AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAXAAAAAAAAAAAAAAAAAAAAXAAXAAAAAAAAXAAAXAhX
***ppmlhdfe y $re if V==1 , absorb(ex im) d nocons
glm y $re ibn_.im ib$b.ex if V==1, nocons ///

irls robust family(poisson) // Plain unconstraine PPML 1ib$b.ex ibn.im
predict ypu

/*
*** check addendum (i)
gen yppu=y if V==1
replace yppu=ypu if V==0
glm yppu $re ibn.im ib$b.ex, nocons ///
irls robust Tfamily(poisson) // Plain unconstraine PPML ib$b.ex ibn_im
*/




stata cppml - Printed on 30.10.2019 19:53:50

135

mat bO=e(b)

mat bppml=b0O*

mat Vppml=e(V)

mat VppmI=VppmlI[1..2,1..2]

mat Sppml=diag(vecdiag(Vppml))

mat Sppml=cholesky(Sppml)

mat bppml=bppmlI[1..2,.]

mat tppml=inv(Sppml)*bppml

mat Sppml=vecdiag(Sppml)*

mat out_ppmlI=(bppml, Sppml, tppml)

A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAAAAAAAAAAAAAAAAAAAAALAAAAAAAA AR AR XA XA LA XX

*** Initialize loop ***

AEA A A A A A A AATAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAXAAAAAAAAAAAAAAAAAAAAXAAXAAAAAAAAXAAXAhX
sca tol=0.000000000001 /*tolerance for convergence*/

sca itol=10000

sca iter=1

gen double thxm=yi*yj /*dependent variable for solver */
gen double sf=0
gen double za=0
gen double r=0

qui foreach re of global re {
replace za=za+ b[ re"]* re”

}

*x * * *x *x *x *x *x * *x * * *

AA A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AL A A A AAAA A AL AR AAAAXAAAAAAAAAALAAAAAAAAAAAA A AKX AL XA

*** | oop starting for CPPML estimator ***

AAEA A A A A A A A A A A A A AA A A A AAAAAAAAXAAAAAXAAAAAXAAAAAXAAAAAXAAAAAXAAAAAAAAAAXAAXAIAAXAIAAAAXAAAXAXX
qui whille itol > tol & iter < 200 {

capture drop m

*** Inner loop starting solve for equilibrium ***
*** glm thxm ibn.im ib$b.ex , nocons offset(za) irls fTamily(poisson)
ppmlhdfe thxm , absorb(ex im) offset(za) d nocons

predict double m
replace r=(y-m)/m
replace sf=za+(y-m)/m
replace sf=za if V==0

*** Jteration step in outer loop ***
*** qui reg st $re ibn.im ib$b.ex [aweight=m], nocons robust
reghdfe st $re [aweight=m], vce(robust) absorb(ex im) nocons

replace za=0, nopromote
foreach re of global re {
replace za=za+ b[ re"]* re” /*update trade costs za*/

*** Prepare for next iteration step ***
qui {

sca iter=iter+1

mat b=e(b)

mat diff= mreldif(b,b0)

sca itol=diff[1,1]

mat bO=b /*update b */

}
if 10*int(iter/10)==iter {
di as red iter " " itol

}

* * * * * * * * * * * * * * * * * * * * * * * *
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stata cppml - Printed on 30.10.2019 19:53:50

136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203

AEAAAAA A AR AR A A A AR A A A A A AR A AKX AR A A A AKX A AR A A AR A AKX AR AR XA AXAAAAAXAAXAAAXAAXAAAXAAXAIAAAA A AKX AA LA XK

*** z"alpha, base and counterfactual

* * * * * * * * * * * * * * * * * *

gen zact=0

gen temp=x1

drop x1

ren xlc x1

foreach re of global re {
replace zacf=zacf+_b[ re"]* re~
}

ren x1 xlc

ren temp x1

ren za zaba

label var m "prediced trade flow"
label var x1 "border"
label var xlc '"‘counterfactual no border"

*x * *Ahkkh*k * *Ahhkh*k *AhkAhk * *AhXkh*k * *x * *Ahhkh*k * *x * *AhkAhk * *

* * * * * * *

*** Calculate standard errors of CPPML estimates
AEAAEAAAAAAAAAAAAXAAAAAAAAXAAXAAAXAAXAAAXAAXAAXAAAAAAXAAAAAAIAAAAXAAAAAAAAXAAXAAXAAAXAAAdhAXxAhhiii
qui  mata

beppml=st_matrix("'b™)"

y=st_data(., "y'")

m=st_data(., "m")

V=st_data(., V')

Z=st_data(., "$re")

Dm=st_data(., "ibn.im")

Dx=st_data(., "ibn.ex')

Dx=Dx[., 1..$b-1]

D=(Dm,Dx)

M=diag(m)

V=diag(V)

Q=1(rows(2))-M*D*luinv(D**M*D)*D"

nob=J3($b"2,1,1) "*V*J($b"2,1,1)

GlZZ=invsym(Z"*Q*V*M*V*Q*"*2)

Veppml=(nob/ (nob-1))*G1z2Zz*Z2**Q*V*(diag((y-m) - *(y-m)))*V*Q*"*2*GlzZ*

Scppml=diagonal (Vcppml) :~0.5

tecppml =bcppmI[1..$K,.]:/ Scppml[1..3K,.]
out_cppml=CbcppmI[1..$K,.], ScppmI[1..%$K,.], tcppmI[1..$K,.] )
st_matrix('out_cppml*™, out_cppml)

end

A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAA A AL AAAAAAAAAAAAAAAALAAAAAAAA AR LA A AL XX

AAAA A A A AR AR A A A AR A A A A A AR A AA AR A A A AR A A A A A AR A AL AR A A A AKX AAAAAAXAAALAAXAAAAAXAAAAAA AKX LA LA AXK

*** Country-pair groups, large is fourth quartile

*x * *Ahkkh*k *Ahkkh*k *Ahkkh*k * *Ahkkhk * *x * *Ahkkh*k * *x * *Ahkkh*k * *

qui {
xtile sizex=yi, nq(4)
xtile sizem=yj, nq(4)

replace sizex=1 if sizex<4
replace sizex=2 if sizex==
replace sizem=1 if sizem<4
replace sizem=2 if sizem==

gen co = 1 it sizem==1 & ex==im

replace co = if sizem==2 & ex==im

replace co if sizex==1 & sizem==1 & ex~=iIm
replace co if sizex==2 & sizem==2 & ex~=im
replace co if sizex==1 & sizem==2 & ex~=im
replace co if sizex==2 & sizem==1 & ex~=im

OO WN

label define Ico 1 "dom-small', add
label define Ico 2 "'dom-large', add
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stata cppml - Printed on 30.10.2019 19:53:50

204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271

label define Ico 3 "small-small™, add
label define Ico 4 "large-large', add
label define Ico 5 "small-large™, add
label define Ico 6 "large-small*, add

label values co Ico
label var co "country-pair groups"

AAAA A A A AR A A A A A AR A A A A A AR A AKX AR A A A AKX A AR A A AR A AKX AR AR A AKX AAAAXAAXAAAXAAXAAAXAAXAIAAAA A AKX AA AKX K

* * * * * * * * * * * * * * * * * * * * * *

*** Dummies for groups of bilateral flows to form S

*x *x *x * * *x * * *

qui tab co , gen(d)

qui forvalues 1 = 1(1)6 {

qui sum d7i”

qui replace di" = d i"/r(sum)

* * * * * * * * * * * * * * * * * * * * * * *

*x * *x * *x *x * * *x * * *

*** Solve for counterfactual
AAE A A A A A A A A A AATAAAAAAAAAATAAATAAAAAAAAXAAAAXAAAAAAAAAAAAAAAAAAAAAhAArAhkhhhhkhkhhhhkhrhhhhiik
qui glm thxm ibn.im ib$b.ex , nocons offset(zacf) irls fTamily(poisson)
predict double phicf, xb
replace phicf= phicf-zacf

*x * *x * *x *x * * *x * * *

*** Delta method for counterfactual changes
AAEA A A A A A A A A AAAAAAAATAAAATAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAhAhAArAhkhhhhkhhhhhkhhhhhhikik
qui mata

printf(*'begin vcppmlcf \n")

Zcf=st_data(., "$recf)

S=st_data(., "$dum'™)

S=Ss*

zaba=st_data(., "'zaba')

zacf=st_data(., "'zacf")

phicf=st_data(., "phicf")
mcf=exp(zacf+phic¥F)

M=diag(m)

Mcf=diag(mcf)

dmpcf =S*diagonal ( McFf*luinv(M)-1($b"2) )
printf(""end dmpcf \n')

MI=luinv(M)

MiIcf=luinv(Mcf)
Gacf=(Mcf-McF*D*luinv(D**Mcf*D)*D"*McF)*ZcF
Ga=(M-M*D*(luinv(D"*M*D))*D"*M)*Z
Gacf=MIcf*Gacf

Ga=M1*Ga

printf(""'end some matrices \n"")

Vdmpcf=S*M1*Mcf*(Gacf-Ga)*Vcppml*(Gacf-Ga) " *McF*MI*S*
Sdmpcf=diagonal (Vdmpcf:70.5)

tdmpcf=dmpcf:/Sdmpcf

printf(*'done Vdmpcf \n')

dw=diagonal (MI*McT)

ddw=diag( (1/(1-%$sig)) *( dw :~ (L/(1-$sig)) ) )
dw=dw:~(1/(1-%$siQg))

printf(*'done dw ddw \n'")

Vdw=S*ddw* (Gacf-Ga)*Vcppml*(Gacf-Ga) " *ddw*S*
printf(*'done vVdw \n'")

dw=S*dw
dw=dw[1. .$groups, -]
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272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330

331
332

Vdw=Vdw[1. .$groups,1..$groups]
Sdw=diagonal (Vdw:"0.5)

dw=dw- J(rows(dw),1,1)
tdw=dw:/Sdw

st_matrix(dw", dw)

st _matrix("'Sdw", Sdw)

st _matrix('tdw', tdw)
st_matrix('dmpcf"”, dmpcf)
st_matrix(C'vVdmpcf*, Vdmpc¥F)
st_matrix('Sdmpcf*, Sdmpc¥F)
st_matrix(C'tdmpcf*, tdmpcf)

printf(*'done vcppmlcf \n')
end
drop zaba zacf sf

AAAAAA A AKX A A A A A AR A AR A A AR A AA AR A A A AKX A AR AA AR A AKX AR AR XA AKX AAAAXAAXAAAXAAXAAAXAAXAIAAAA A AKX AA AKX K

* * * * * * * * * * * * * * * * * * * * *

*** Collect results in matrices
qui {

mat dmpcf=100*dmpcF

mat dmpcf_u= dmpcf-100*1.96*SdmpcF
mat dmpcf_o= dmpcf+100*1.96*Sdmpcf
mat dw= 100*dw

mat dw_u= dw-100*1.96*Sdw

mat dw_o= dw+100*1.96*Sdw

mat out_dmp=(dmpcf, tdmpcf, dmpcf_u, dmpcf o)
mat out_dw=(dw, tdw, dw u , dw_o)

mat colnames out_dmp = dmp t dmp_u dmp_o
mat colnames out dw= dw t dw_u dw_o

mat rownames out_dmp = $row_dmpcf

mat rownames out _dw = $row dw

mat rownames out_ppml = $re

mat colnames out ppml = b s t

mat rownames out_cppml $re

mat colnames out_cppml bst

}

*x * *AhkAh*k * *Ahkkh*k *AhkAhk * *AhXkh*k * *x * *Ahkkh*k * *x * *AhkAhk * *

* * * * * * *

*** Display results

A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A AAAAAAAAA A AL AAAAAAAAAAAAAAAALAAAAAAAA AR LA A AL XX

*** Observed (y) and predicted (m) trade flows by country-pair group ***
label var ypu "predicted unconstrained PPML"
label var m "predicted constrained PPML

table ex, c(sum V sum y sum ypu sum m m yi) row Fformat(%6.3f) stubwidth(15)
table im, c(sum V sum y sum ypu sum m m yj) row Format(%6.3F) stubwidth(15)
table co, c(sum y sum ypu sum m) row Format(%6.3F) stubwidth(15)

*** Estimation results ***

estout matrix(out_ppml, fmt(3)),title("Unconstrained PPML estimation results')
estout matrix(out_cppml, fmt(3)),title("'CPPML estimation results™)

estout matrix(out_dmp, fmt(2)), title(’Counterfactual effects on trade flows iIn
percent'™)

estout matrix(out dw, Tfmt(2)), title('Counterfactual welfare effects in percent"

)
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